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1 Introduction

The field of accelerator magnets is usually measured using rotating coils. These
coils are known as “harmonic probes” because they provide a direct measure-
ment of the coefficients of the harmonic expansion of the magnetic field. In
its simplest version, a harmonic probe is simply a long and narrow rectangular
coil. When such a coil is set to rotate uniformly with an angular velocity wg
in a time-independent 2D magnetic field, a time-dependent periodic voltage is
induced. The magnitude and phase of the field harmonics can be extracted from
the signal with a spectrum analyzer. In practice, for example in measuring the
field of a dipole magnet, the accuracy of the measure is limited by the fact that
the signal associated with high order harmonics represents a very small frac-
tion of the fundamental. Modern probes are therefore complex objects where
sets of coils are connected together so as to maximize the sensitivity to certain
harmonics while minimizing the effect of mechanical assembly errors.

The harmonic expansion of the magnetic field diverges when the distance R
between the point of interest and the expansion point (zo, yo) is larger than the
shortest distance between (zg,y0) and the nearest source. Conventional iron-
dominated dipole magnets often have a rectangular physical aperture which is
wider in the radial (bending) than in the vertical plane. Assuming that the
expansion is made about the beam axis, the harmonic series will converge only
for \/(z% + y?) < Ly/2 where L, is the total vertical aperture. In is important
to note that in theory, knowledge of the field harmonics about any point in
the aperture is sufficient to characterize the field everywhere. However, for a
point located outside the circle of convergence of the series, an indirect method
must be used to calculate the field. In relation with the latter statement, it is



important to note that the theory refers to a situation where all harmonics are
known with infinite accuracy.

In practice, multipoles are measured at two (or more) locations in addition
to the origin. This is illustrated in figure 1. By using the appropriate series, the
field can be determined over most of the aperture and, if the circle of convergence
overlap, on the entire extend of the horizontal axis. Typically, - ten to twenty
multipoles coefficients are recorded for each location of the axis of the probe.
Intuitively, it is clear that the three sets of data obtained are not independent
1 In fact, one can establish a relation between the three different sets of data
and use it to improve the the accuracy on a given coefficient.

Most accelerator tracking codes require the field to be represented by a
polynomial in the transverse coordinates x and y. Since its coeflicients are
directly measurable, the harmonic polynomial is a natural choice. However, it
is important to realize that this polynomial will not correctly predict
the field when the beam excursions in the radial plane go beyond the
radius of convergence of the harmonic series.

There are a number of different ways to characterize a 2D field over a rectan-
gular aperture. The most trivial one is to simply store the values of the field at
every point on a sufficiently fine rectangular grid. The field at any point (z,y)
can then be obtained by interpolation. It is obvious that this approach is not
very convenient in practice because it involves a large number of parameters.
The object of this note is to document a number of methods which may be used
to represent a 2D magnetic field everywhere on a rectangular aperture.

We begin with a brief review of basic 2D magnetostatics with an attempt
to emphasize certain important points often treated in a superficial manner in
standard textbooks. Integral representations are obtained using both Green’s
theorem and its complex analog, the Cauchy integral theorem. The relation
between these representations is established. Series expansions are obtained
for both the Dirichlet and Neumann problems by solving Laplace’s equation in
rectangular coordinates. Various 2D expansions are obtained by analytically
continuing one dimensional expansions. Finally the problem of constructing a
polynomial representation valid over a whole rectangular region is discussed.

2 Theoretical Background
2.1 2D Magnetostatics

The equations of magnetostatics in a source-free region

VxB = 0 (1)
V.-B = 0 @)

10nce again, knowledge of all multipoles at any one of the three locations is, in theory,
sufficient to completely characterize the field everywhere.



Figure 1: Multipoles are measured at two other locations, in addition to the
origin.
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become, in 2D cartesian coordinates
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Assuming  is a simply connected region, the magnetic field can be repre-

sented by a scalar potential V 2

LoV 8V
B=—X% Yoy ®
or a by a vector potential A
0A 0A
B=4%X—-3y—
+x 3y y 52 (6)

Note that specifying the scalar potential V' along a path I’ amounts to specify
the tangential component of the magnetic field along I'. Similarly, specifying A
along ' amounts to specify the normal component of B.

2.2 2D Harmonics

In polar coordinates, Laplace’s equation takes on the form

10 (04
ror or

Assuming a solution of the form

)+

A(r,8) = R(r)0(6)

and substituting in (7) yields

174
r? 992

=0 ™

(8)

— = k? 9
> ©)
and r?R" rR 2
where k2 is a constant. The solutions to equation (10) are
_ | Llogr k=0
roy={ W% 130 (1)

Similarly, the solution of equation (9) is

©(0) = A, sinké + By, coskf

Two separate cases must be considered:

(12)

2In the MKS system, V is usually defined such that B = —poVV.

3The terminology “vector” potential refers to the 3D

case. In 2D, A is a pseudo scalar.



e The interior solution: € is the inside of a circle of radius o
e The exterior solution: Q is the outside of a circle of radius rg

In the case where {Q : 0 < r < rp}, the solutions log r and r~* must be rejected
due to their singular behavior at the origin. Since the potential cannot be
continuous unless © has a period 27, the potential is

o0
A(r,0) = Z " (An sinnf + B, cos nf) (13)

n=0

In the case where {Q : 7y < r < o0}, the solutions 1 and r* must be rejected

and one has
o0

A(r,0) = Z r~" (An sinnf + By, cosnf) (14)

n=0

The solutions (13) and (14) are often expressed in the normalized form

A(r,0) = fj (i) = (an sin nd — b, cos nf) (15)

r
n=0 0

2.3 Complex Potential

It is a well known fact that both the real and imaginary parts of an analytic
function F(z) are harmonic functions. This suggests that either V or A could
be considered as the real (imaginary) part of an analytic function. A convenient
way to represent a 2D magnetic field is to introduce the complex potential

F(z) = —(A +iV) (16)

Under this definition, F(z) is analytic *; however, it is important to real-
ize that even though the real and imaginary parts of an analytic function are
necessarily harmonic, the converse is not true in general. In other words, a
function of the complex variable may have harmonic real and imaginary parts
and not be analytic. A necessary and sufficient condition for analyticity is for
the Cauchy-Riemann equations to be satisfied. With the definition (16), the two
components of the magnetic field can be obtained from the complex potential
by differentiating the latter with respect to z

dF .

—d—; = By + ZB,; (17)
Interestingly, this result implies that both B, and By are also harmonic func-
tions since all the derivatives of an analytic function are analytic.

4Note that V + iA is not an analytic function.



Any function analytic in the neighborhood of a point 25 can be expanded in
Taylor series around zp. Without loss of generality, one can always choose 2 as

the origin and write
00 2z n
F(z)= E Cn (;;—) (18)

n=0
where 1 aF
Cn = HW (19)
Writing z in polar form
2" = r"(cos nf + isin nf) (20)

and setting ¢, = b, + iay,
[=2] r n
A+iV = E (r_) [(a, sinnb — b, cosnf) — i(b, sinnb + a, cosnb)] (21)
n=0 °

The coefficients a,, and b,, are simply the Fourier coefficients of the expansion
of the potentials around a circle of radius ro:

1 2
a, = +7—r-/0 rg A(ro, ¢)sinné do (22)
= —3c JZ"V (ro, ¢) dé n=0 (23)
—L i 8V (ro,4)cosng dp n>0
1 2 )
bn = - /0 rgV(ro,¢)sinng do (24)
= ~3 [27 A(ro, ¢) dé n=0 (25)
—L [T i A(ro, ¢) cosng dp n >0

2.4 Analytic Continuation

An analytic function is a remarkable mathematical object. It is defined to be
a function (of the complex variable) with a unique first derivative throughout a
region. A function so defined has extraordinary properties. It turns out to have
unique derivatives of all orders. Its real and imaginary parts are harmonic. Its
line integral is independent of the path. The values of the function at points on
a close curve I' determine its value at points inside I'. The principle of analytic
continuation is the ultimate fabulous property of analytic functions. According
to this principle, an analytic function is uniquely determined everywhere in the
complex plane by its values in any neighborhood, however small, of a point 2.
In fact, the values of the function along a path segment, however short suffice
to uniquely determine the function everywhere. In this case, however, one must
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be given that the function is analytic in the region including the line segment.
In more precise terms, the following theorem holds:

Identity theorem for analytic functions

If two functions are analytic in a region Q, and they coincide in a neighborhood,
however small of a point zy of Q or only along a path segment, however small,
terminaling in zg, then the two funclions are equal everywhere in Q.

This implies that an analytic continuation, if it exists at all, is unique. Sup-
pose one has an analytic function f1(z) defined in a region ;. Suppose {3
is another region which overlaps Q;. If there exists a function f5(z) which is
analytic on Q; and equal to f1(2) in the region Q; N Qy, then f(2) is unique.
In fact, fi and f, are just partial representatives of a function f(z) analytic
throughout the combined region Q; U ;. The so-called circle-chain method
employing power series provides a method which in principle can be used to
effect the analytic continuation. Start with a function defined by a power series
in one circle. Use the values of the function so obtained to make a power series
expansion about a point inside but near the edge of the circle, etc, etc. A conse-
quence of the identity theorem for analytic functions, the analytic continuation
obtained in this way is unique. The processes can be pushed as far as possible
by extending the circle-chain in all directions the radii of the circles being, of
course, the radii of convergence of the power series. Since whenever the func-
tion is analytic it can be expanded into a power series, these circles eventually
reach to every nook and cranny of the complex plane where it is possible to
analytically continue the function. Although it is not possible to analytically
continue through a singularity, but it will, in most cases be possible to analyti-
cally continue around it. Note that an analytic continuation cannot be carried
through if one meets a continuous line of singularities separating one part of the
complex plane from the rest.

2.5 Multipole “Feeddown”

Consider a function G(z) analytic on a region . One can obtain a relation
between the coefficients c,, of the Taylor series expansion

G(2) = Z cn2"” (26)

n=0

about the origin and the coefficients d, of the expansion about another point
zp by using the following trick:

G(z) = i en(z — 20 + 20)" (27)

n=0
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0 Lk=0

where the binomial theorem has been used to expand (z — 29 + 2z0)™ and it is
assumed that |z| < |2o|. It is clear from the above result that the term of order
n in the expansion about the origin contributes to the terms of order 1,2-.-,n
in the expansion about zg. This phenomenon is sometimes called “multipole
feeddown” since for example, a pure quadrupole field at the origin would result
into a field at zo which has both a dipole and a quadrupole component. A
relation between c, and d, can be obtained by rearranging the terms in (28).
Let us consider the coefficient affecting the term in (2 — 29)*. Clearly, the
contributions to this coefficient come from the terms

¢n ()20
VL

Cnil
Cn+2 (":2) z((]n+2)—n (29)

Equation (28) can obviously be written in the form

=3 [f; e }) ] (2 = 20)" (30)

n=0 Lk=n

By identification with

G(z) =) dn(z — 20)" (31)

n=0

dn = i Cn (ﬁ) 7" (32)

k=n

one sees that

It is important to point out that this relation is valid only if the point 2z
lies inside the circle of convergence of the series (26).

3 Representations

In this section, we shall obtain different expressions for the magnetic field in a
rectangular region. In all cases, the field (potential) will be expressed as a linear
combination of basis functions ¥x(z,y) °.

Alz,y) = i NERY) (33)

k=0

5We consider here the discrete case, but the sum can be continuous.
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Each basis function can be expanded in a harmonic series of the form

Yi(r,0) = Z (;r;)" (@nk sin n@ — b,y cos nb) (34)

k=0
where
2%
Qnk = +%/; rg¥i(ro, ¢) sinng dé (35)
_ =& [T w(ro, 9) dé n=0
= { B (o, ) cosng dg m >0 (36)

The above relations enable us to express the coefficients of the multipole expan-
sion of A in terms of ¢

oo
Qn = Z AnkCk (37)
k=0

[o]
bn = Z bnrc (38)
k=0
Written in matrix form (37) and (38) become
a = Ac (39)
b = Bc (40)

In general, the matrices A and B may be singular 6. To solve for the coefficient
cx one can form the weighted sum of (39) and (40)

a+b=[A+AB]c (41)

where ) is a suitably chosen constant 7. In general, the truncated version of
this (infinite) system will not have no solution. Nevertheless, one can obtain a
solution in the sense of least squares

¢ = [[A+AB]'[A+AB]] "' [A+ AB][a+b] (42)

In the case where the field (potential) is a complex function, the multipole
expansion takes on the form

F(2) =Y dithi(2) (43)
k=0

8Consider, for example, the case where the source geometry is such that all skew multipoles
ay vanish. The matrix A is obviously singular in that case.
"More generally one could substitute a positive definite matrix for A.
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The basis functions 1 (z) are now functions of the complex variable. Expanding
¥r(2) around the origin

Yi(z) = i Cnk2" (44)
n=0

But one can also expand F(z)

FE)=Y ot (45)

k=0
Substituting (44) into (43) and comparing with (45)

cr = Z Cnrdr (46)
=0

A truncated version of this system of equations can be solved for ¢ in the sense
of least squares.

3.1 Integral Representations (Method of Sources)
3.1.1 Integral Representations based on Green’s Identities

Consider an arbitrarily shaped, simply connected region 2. We shall denote a
point (z,y) by r and a point (z, ) by r’. Let the distance R between r and r/
be defined as

Rslr-r|=V(E-«)+{y-v) (47)
If 9(r') and ¢(r') are two arbitrary scalar functions defined on , the fol-
lowing identity, known as Green’s identity, holds

/ 6V — YV2¢ dS' = / V(o V'g)—¢(n-V'p)ds'  (48)
a an

where the primes on the Laplacian operator and the differential elements mean
that the derivatives and integrations are to be performed with respect to primed
coordinates. Consider the function

&(r;r) = —%log (-11-2-) = -21—1rlogR (49)

It is a simple matter to verify that @ is harmonic for all v’ # r. More specifically,
it can be shown that

Ve =Vi® =6(r—71') (50)
Setting ¢ = @ and ¢ = V(x’) in (44) one obtains, for any r € Q

vE) = 2%[ [ v vlog (Il%) —log (%) (ﬁ-V’V)] s’ (51)

Lot o

10
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The scalar potential V inside the region €2 can be interpreted as the resultant
of the potentials produced by two kinds of sources:

o a surface pole distribution of density ¢ =1 - VV
¢ a surface dipole distribution of density 6, = aV

These sources may be regarded as fictitious sources accounting for the influence
of the sources situated in the region exterior to 2. It is important to note
that they cannot be used to determine the field in the exterior region. On the

contrary, these sources make the potential vanish in the exterior region since
one has, forr ¢ Q

1 [ . oo (1 1\ ,
3 Joc &p - V'log (E) —olog (E) ds=0 (53)

This result is another demonstration of the fact that the normal and tan-
gential components of the field (or equivalently, the real and imaginary parts of
the complex potential) cannot be independently specified at all points of Q. If
one considers the potential as a known quantity and the fictitious source distri-
butions as unknowns, equation (52) can in principle be used to determine o and
&p. Unfortunately, o and &, are not independent quantities and the solution is
unique only if (53) is enforced simultaneously.

Tt turns out that it is also possible to represent the field by a distribution con-
stituted exclusively of poles or dipoles. Furthermore, no auxiliary constraint
similar to (53) need to be enforced for the distributions to be unique. Consider
the situation where the potential to be represented is harmonic in the region
exterior to Q (in other words the sources of V' are situated inside ). Apply-
ing Green’s identity and assuming that the exterior potential V vanishes at
infinity

V()= 2% /8 . Vi - Vliog (%) ~log (%) (- VV)ds' (54)

for r in the exterior region and
Vi)=0 (55)
for r in the interior region. Adding (52) and (54) yields for the interior region
Vi) = — / (V=7)a-V'log (1) log (l) (B-V'V —4-V'7)) ds' (56)
2% Jaq R R
where 1 is a normal unit vector pointing outside Q If one chooses V such that

V-V =0 ondQ (57)

11



(56) becomes

V)= fa _—log (%) (8- V(V - 7)) ds (58)

which can be put in the form

V(r)= %r- /; . o(r')log R ds’ (59)

Thus, any function V harmonic within Q can be represented by a distribution
of fictitious poles on Q. Note that since V and V are unique, so is . In the
same manner, one can also choose V such that

A-VV-2.VV=0 (60)

(56) then becomes

V(r)= -;—ﬂ_/an(V —V)h-V'iog (%) ds’ (61)

which can be put in the form

) .
V(r) = o /an opfi - V'log R ds’ (62)

i.e., any function harmonic in © can be represented by a unique distribution of
fictitious dipoles on 9. Since the vector potential A is harmonic in a source-free
region, the representations (59) and (62) can also be used for A.

At this point, the connection between relations (59), (62) and the general
form (33) may not be clear. This connection is perhaps easier to establish when
(59) and (62) are written in discrete form. For example, relation (59) becomes

V(z,y) = Ea(sk) Ak-zl; log/(z—2')2 + (y— ¢')? (63)
&

Here, s; = (z%,¥,) represents a point on the boundary at the center of an
interval of width Aj. Clearly, the basis functions in the expansion (33) are

1
Yr(z,y) = 2—7;log\ﬁa:—:c’)2+(y—y')2 (64)
and the coefficients ¢y,
cx = o(sk)Ax (65)

12



3.1.2 Cauchy Integral Theorem

A most important result from the theory of analytic functions, Cauchy’s inte-
gral theorem, states that the values of an analytic function everywhere inside
a simply connected region ) are completely determined by its values on the
boundary. Cauchy’s integral theorem provides a method to actually compute
the scalar potential F(z) for z € Q given F(2) on 0Q.

1 F(t)

=— ¢ —Ldt

F@) =510 (66)

Interestingly, the real and imaginary parts of a analytic function on a closed
path are not independent since one must have

1 F(t)
— ¢ —+dt=0 7
2 J t—=z (67)

for z ¢ Q. In fact, one can demonstrate that the values of the complex potential

(or any other analytic function) F(z) = —A—iV inside a region { are completely
determined by either its real or imaginary values on 9. Let

z = z+iy (68)

t = '+iy (69)

X = z—-2' - (70)

Y = y-y (71)

R = Vz-2)V+@-v) (72)

With the above definitions, (66) becomes

o = &[] =]

1 A+iV][Y -iX Y
= — 4
21r/[R][ R](dz+zdy) (74)
_ i/ A+iV] [(Yde' — Xdy') + i(Xdz' + Ydy') (75)
T 2w R R
But
— !
Xdy —Ydo' Y - s (76)
/
Xdz ;Ydy’ i3 (77)
where i is the outward normal unit vector. Now, consider the real part of (75).
1 [A, V. '
_%/Er-n+ﬁr-sds (78)

13
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Integrating by parts,

/%f--s'ds’:—log (%)ﬁ-V'A (79)
where the identity
8-V'V=n-V'A (80)
has been used. The first term of the integrand in equation (78) can be put in
the form . 1
fo—=h-V (=
a-p =i v ( R) (81)
Finally
-1 2 v (LY —tog (L) a-viads
A(r)_2‘,r anAn v (R) log<R)n V'A ds (82)

A similar result can be obtained for V. The Cauchy formula can therefore be
viewed as a compact way of expressing (52). However, it also has the significant
advantage that the constraint (53) is automatically enforced. Thus, given the
complex potential F'(z) inside the aperture, one would write

1 1
and solve for the unknown (complex) coefficients ci.

3.2 Series Expansions

Any function harmonic on a rectangular region can be expressed in terms of its
values and that of its derivative on the boundary by solving Laplace’s equation
directly by the method of separation of variables. The coefficients of the series
are then the coefficients of Fourier series expansions of the boundary data. In
the present case, both magnetic potentials satisfy Laplace’s equation i.e.,

0?A 8%A
e + 'a'y—z 0 (85)
0v 8%V
B2 + W 0 (86)

For the purpose of this note, we shall deal exclusively with A. Similar expres-
sions can be obtained for V with little effort.

Az, y) = X ()Y (y) (87)

14



Substituting (87) into (85) yields the two ordinary differential equations

d*X
Tz = +k2X (88)
d?y

where k is real and positive. In what follows, we shall consider the rectangu-
lar region illustrated in figure 2. For convenience, we introduce the following
notation

¢ = Pilﬂ@—] (90)

Tmax — Tmin

n = [ Y — Ymin ] (91)

Ymax — Ymin
L: = (®max = Zmin) (92)
Ly = (Ymax = Ymin) (93)
o = Ly/Ly (94)

3.2.1 The Dirichlet Problem

We first consider the so-called Dirichlet problem whose solution expresses the
potential inside a closed region in terms of its values on the boundary. Thus,
we assume that

Alz,y) = filn) £€=0,0<9<1
Alz,y) = fo(n) €=10<n<1 (95)
Alz,y) = f(6) n=0,0<¢é<1
A(z,y) = fa() n=0,0<é<1

Depending on the sign chosen for the separation constant, one gets either

00 oo
X(z) = Y Ansin %:i(z — Zmin) + Y, Bn cos %(z —Zmin)  (96)

n=1 n=1
it ., O
Y = 3 Cucosh %(y = Yimin) + Dn sinh 7—(y = Ymin)  (97)
n=1
or
had nw nw
X(z) = Z Chn cosh -L—(:c — Zin) + Dnsinh E(z ~ Zmin) (98)
n=1 Y
[} o0
. nmw . T
Y(y) = Z Ay, sin -L—(y = Ymin) + Z B, sin E(y —Ymin) (99)
n=1 y n=1

15
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Figure 2: Coordinate system for section 3. 2.
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The most general solution to the Dirichlet problem is a linear combination of the
above solutions over a range of values of the separation constant. Rather than

attempting to satisfy all the boundary conditions at once, it is more practical
to exploit the linearity of Laplace’s equation and consider the auxiliary problem

Agﬂ?,yg = f(n) £€=0,0<n<1
A(z,y) = 0 £E=10<n<1
A(z,y) = 0 n=00<f<1 (100)
Az,y) = 0 n=10<€f<1

Once the solution to the auxiliary problem is known, the general solution can
be obtained trivially by superposition.

Since the potential has to vanish at 7 = 0 and 5 = 1, one can assume a
solution of the form

A(z,y) = Z (Ay cosh nraf + By sinhnwaf) sinny (101)
n=1

for (100). By imposing the boundary condition at £ = 0, it is immediately
apparent that the coefficients A, are simply the coefficients of the Fourier sine
series expansion of fi(n). For the potential to vanish at £ = 1 one must have

A, coshnra + B, sinhnra =0 (102)

Using this relation and expressing the sum of hyperbolic functions as as hyper-
bolic sine of the sum of their respective arguments one gets

= sinhnra(l-€)] .
Az, y) = '12=1An [ o ] sinnmy (103)
The solution to the general problem is therefore
A(z,y) = Ai(z,y) + As(z,y) + As(z,y) + As(z, ) (104)
where
> [sinh nra(l — £)] .
Al(l‘, y) = ’; An _W] smnmrn (105)
_ — [sinhnral] . '
Asx(z,y) = ; B, | Sinh nra ] sin nay (106)
e [sinhn#(l—n)/al .
As(z,y) = '; Ca Sinhn7/a sinnwf (107)
= sinhnwy/al .
— ——— 1
Az, y) :4;1 D, [ smbn7/a ] sinnw (108)

17



and

S
3
1l

1
2/ fi(n)sinnmy dy
0

1
B, = 2/ Jfa(n)sinnmn dy
0

2
I

1
2/0 fa(§) sinnwf d§

1
D, = 2 /0 f4(€)sin né de

(109)
(110)
(111)

(112)

Since the tangential derivative of the vector potential determines uniquely the
normal magnetic field, one can also write series in terms of the Fourier coefli-
cients of the normal components of the field

Ai(z,y) =
Asx(z,y) =
As(z,y) =
As(z,y) =
and
E,
Fa
Gn
H,

=] .
_L—yEn [smh nra(l —§)

: sinnw
sinh nra ] K

$1M
3

b~
3

[sinh nra
) Pt

: sinnw
sinhnra ] n

3

1}

-
3
3

M

L, [sinh na(l - n)/a
—Gn -
nw sinhnw/a
-L—’H sinh nmn/a
nr " | sinhn7/a

] sin nw€

3
I
-

Ms

] sin nrf

3
Il
A

1
2/ B.(0,n)sinnwy dy
0

Il

1
2/ Bg(1,n)sinnwn dy
0

1
2/; By(¢,0) sin nwé d§

1
= 2]0 By(&,1)sinnw€ d§

3.2.2 The Neumann Problem

(113)

(114)

(115)

(116)

(117)
(118)
(119)

(120)

The solution to the Neumann problem expresses the potential inside a closed
region in terms of the values of its normal derivative on the boundary. The
Neumann problem for the vector potential is defined by the following boundary

18



conditions:

—6A/6:c = By(ovy) = 91(77) E =0,0< n< 1
—8A/0x = By(Lsy) = g20n) €=1,0<9<1 (121)
0A/8y = B (z,0) = g3(§) n=0,0<é<1
0A/8y = B.(z,Ly) = g94(f) 1=0,0<€<1

According to a well-known theorem of potential theory, the solution to this
problem is unique within an arbitrary constant.

In contrast with the Dirichlet problem, the boundary data for the Neu-
mann problem must satisfy a compatibility condition 8. This is merely a conse-
quence of the requirement that the data be compatible with the integral form
of Maxwell’s equations i.e

fB-dl:O (122)

The compatibility condition makes it necessary to use a different strategy to
solve the general Neumann problem. We first consider the following auxiliary
problem

—0AM/8z = By(0,y) = gi(n) €=0,0<n<1
—0AM 8z = By(Ls,y) = 0 E=1,0<9<1 (123)
0AM /oy = Bg(z,0) = 0 n=0,0<é<1
0AW /8y = By(z,Ly) = 0 n=10<é<1
where '
ai(n) = ai(n) — 4o (124)
1
4 = [ ama (125)
0
Clearly, .
| amdn=o (126)

and the boundary data for this auxiliary problem is compatible. By a procedure
similar to the one used to solve the Dirichlet problem, it is easily shown that

AWz, y) = E nI:aA" [COSh i G £)] cosnwy (127)

sinh n7Ta

n=1

Similarly, using superposition, the solution to the problem defined by

—0A/0z = By(0,y) = f1(n) £=0,0<n<1
—0A/0z = By(Lry) = §20n) £€=10<n<1 (128)
+0A/0y = Bi(z,0) = g3(f) n=0,0<€<1
+8A/8y = B.(z,Ly) = g§s(é) n1=10<¢<1

8In fact, continuity of the potential on the boundary ensures that the data for the Dirichlet
problem is compatible with the integral form of Maxwell’s equations.
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:
is

A(z,y) = AD(z,y) + A®D(z,y) + A®(z,y) + AW (2, 1) (129)

where
AN(z,y) = +nI7lrza 2A,, [Efihs;:l?n(—_;a—_s)-] cos nar) (130)
ADz,y) = _nl':a 'Z::IB,, [W} cos n7y (131)
A®)(z,y) = —nﬁja ni::lCn [cosl;ir:}l'l(i;;))/a] cosnwé  (132)
AN(z,y) = +nﬁ;a ,,i::l D, [%] cosnwf (133)

and

An = 2 [ () cosnen dn (134
B, = 2/01 g2(n) cosnan dn (135)
Cn = 2/01 g3(€) cosnwf d€ (136)
D, = 2/01 ga(€) cosnwf d€ (137)

(129) is obviously not the solution to the general Neumann problem. The latter
can be obtained by adding the solution to the following problem to A as defined
by (123)

-0A®/9z = B,(0,y) = Ao £€=0,0<n<1
—3A® oz = By(Lz,y) = By £€=10<79<1 (138)
8A® /8y = Bg(z,0) = Cp 7=0,0<¢(<1
9A® /8y = B.(z,L,)) = Dy 7=0,0<é<1
where the compatibility condition
- AoLy + BoLy +CoLz — DoLy =0 (139)

holds. Interestingly, it is not possible to solve the boundary value problem
defined by (121) directly using separation of variables. However, (121) can

952,53,54 are defined in a similar way as g i.e., by subtracting the average values
By, Co, Dy of g2,93 and g4.
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be converted into a mathematically equivalent Dirichlet problem for the scalar
potential V(%). Setting V(%)(0,0) = 0, one has

VO(0,y) = —CoLy,—BoLy+DoLs+Ao(y—Ly) £€=0,0<n<1
VO(Lz,y) = =-CoL;— Boy €=10<n<1
V(2,00 = —Cor 1=0,0<f<1
VO(z,Ly) = =CoL;— BoLy+ Do(z— L,) n=00<¢<1
(140)

In principle this problem could be solved using the technique which we already
used to solve the general Dirichlet problem. However, a a function which satisfies
the conditions (140) can be found by inspection. To see how this is done,
consider the function

¢(z,y) = K1z + Koy + Kszy + Ky (141)

#(z, y) is obviously harmonic; furthermore, it degenerates into a linear function
of the axial coordinate along each one of the boundaries. Clearly, the problem
is solved if one can find K, K3, K3 and K4 such that

$(0,0) = V©(0,0) (142)
¢(Ls:,0) = VO(L;,0) (143)
$(Ls,Ly) = VO(Lg,Ly) (144)
#(0,Ly) = VOo,L,) (145)
It is easily verified that
é(z,y) = —Aoy — Coz + [ﬂzﬂ] zy (146)

The corresponding vector potential can then be determined by integrating the

field. A _B
AO(e,) = Coy — Aoz + [222 2] (222 (147)

Thus, the general solution to the Neumann problem (121) is
A(z,y) = AO(z,3) + AV (z,9) + AD(z,9) + AO(z,9) + AD(z,y) (149)

Note that since the normal derivative of the potential is specified on the bound-
ary the solution expresses the potential inside the region in terms of the Fourier
coefficients of the tangential field on the boundary.

3.2.3 Alternate Series

In the two previous sections, we have established series which express the vector
potential A as a function of its values and those of its tangential derivative on
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the boundary. It it possible to construct other series by using other types
of boundary conditions. One popular choice is to fix the value of A and its
tangential derivative on the horizontal symmetry axis which is usually chosen
to coincide with the z-axis.

A(z,y) = Yoo, Apsinnkyzsinhnk,y + Bpsinnk;zcoshnk,y
+ Chcosnkyzsinhnk,y + Dycosnkyzcoshnkzy
- (149)
where 9
= <7
ko= (150)
1 L./2
A, = +— B, (z,0)sinnk,z dz (151)
nmw —L./2
L./2
_ —-217 —L:/2B!!(z’0) dz n=0
—ar J=1.12By(z,0)cosnkyz dz n#0
n = +ﬂ1_1rf_252Bz(x,0)COsnk,z dz n#0
1 L=/2
D, = +— By(z,0)sinnk;z dz (154)
nw —L./2

3.3 Series Obtained by Analytic Continuation

A powerful way to obtain a series representation of an analytic function over
a region {Q is to obtain a series which converges on a line segment included in
Q and to extend this series over the whole plane using the principle of analytic
continuation. In particular, if the segment is chosen so as to coincide with either
the real or the complex axis, the arsenal of method used for real approximations
becomes available to construct approximations.

3.3.1 General Fourier Series Expansion

We shall consider here the system of coordinates shown in figure 3. Along the
z-axis, any analytic function B can be seen as a complex function of the real
variable z. More specifically 1° , if

B(z) = By(2) + iBz(2) (155)

10Ty this section, the notation B is used to avoid confusion between the real magnetic field
and the complex magnetic field.
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Figure 3: Coordinate system for section 3. 3.
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then, along z, one can write

B(z) = By(z) + iB;(z) (156)
Seen as a function of z, B can be expanded as a Fourier series
o0
B(z) = Z dpemk=* (157)
n=—co
ke 3
= Y [en+ies]e™Fe" (158)
n=—oc
where
1 Lof2 .
cn = — / By(z)e k=% dz (159)
L L.
1 [L=l2 )
o= - / Bg(z)e™""¥=" dz (160)
Lj .
Let
¢n = by+ia, (161)
& = bp+iad, (162)

Equation (158) becomes .

B(z) = (bo+ibo) + Yooni (bn+ian)e™ =" + (b, — iay)e=inkss
+1i Z:;l (b,l + iaﬂ)emk,z + (b,. _ ian)e—énk,z
(163)
B(z) = (bo +2Bg) + 2?:1 (_b_n + ign)

eink,z +e-—ink,x
+ Y an (bn+i&n)L""kz¢+e—ink,z (164)

Collecting terms

o
B(z) = (bo +ibo) + > _ 2(bn + ibn) cos nk,z — 2(an + iGn)sinnk,z  (165)
n=1

Substituting z = z + ¢y for  and using the identities
sin nkgz cosh nkzy + i cosnkyz sinhnkyy

(166)
(167)

sinnkz

cos nkz cos nkyx cosh nkyy — isin nkyzsinhnkyy

equation (165) becomes

B(Z) z:°=1
+

+i Zi?:l
+

2 (b, cos nkyz cosh nkyy — @, sin nkx cosh nk,y)

2 (5,, sin nkgyz sinh nk,y 4+ @, cos nk,z sinh nk,,y)

2 (b, sinnk,z sinhnk,y — ap, cos nky sinhnk,y)

2 (5,. cos nkgx cosh nkyy — @, sin nk,x cosh nk,y)
(168)
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This result is identical to (149).

3.3.2 Cosine Series

A different series can be obtained by expanding the field as a cosine series.

[+ o]
B(z) = E(cn + ity ) cos 2nk, (169)
n=0
B(z) = E?:o cn cos 2koz cosh $kzy + €, sin gnkczsinh 5 nk,,y)
+i fo:o Cncos B k,,z cosh & k,,.y-— cnsin 5k, zsinh 2 k,y)
(170)
where
1 B2 _
o= — Bdzx (171)
Ly —-L:/2
L./2
en + ity = —/ B cos —k zdz (172)
L.z

3.3.3 Sine series

One can also expand the complex field B as a sine series along z.
~ had A n
B(z) =) (ca + itn)sin ket (173)

Substituting z = z + iy for z in (154) yields

B(z) = Zn 1 (cn sin 2k, cosh 3k;y —Cncos § Lkoo sinh $k,y
+i S0, (Casin® Zkyzcosh % k,y +cpcos 2 i 2kyzsinh k,y
(174)
where
L./2
Cn +iCn = —/ Bsin —k zdz (175)
L2/2

4 L? Polynomial Approximations

We wish to approximate a function f(z) analytic over a region Q by a series of
the form

N
f(2) =) cnpal2) (176)

n=0
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where the functions p,(z) are polynomials in such a way that the norm of the
residual

N
1£(2) = D capa(2)]| = (V) (177)
n=0
be minimum in some well-defined sense. Many definitions can be used for the
norm. In general the coefficients ¢, which correspond to the best approximation
in a given norm will be different from the coefficients which correspond to the
best approximation in some other norm. Among the most popular norms are
the Ly,Ls and Ly, norms which are defined by the general relation for the L,
norms

1@ = [ [ @562 i) " (178)

of all these norms, the Ly or least square norm is certainly the most popular
because it leads to a minimization problem which can be reduced to the solution
of a set of linear equations. In this paragraph, we shall concentrate on the
problem posed by finding the the best approximation of an analytic function
by a complex polynomial. This problem is closely related to the problem of
constructing the best approximation of a real polynomial over a real interval
whose solution is well known. It turns out that in the complex case the problem
can be solved in a similar way.

Consider a set of linearly independent polynomials functions {pn(2)} defined
on a simply connected convex 2D region and  and define the inner product

(F(2)la(2)) = L F(2)a(z) de (179)

Taking the inner product of relation (176) with p.,(2)

il

(E ¢apn(2)|Pm(2)) (180)

n=0
oo

Y (pm(2)Ipa)en (181)

n=0

(f(2)lpm(2))

fm

Using a more compact matrix notation (181) becomes
Pc=f (182)

Given the set {pn(z)}, the entries of the matrix P can be computed once and
for all for a given . Note that due to the definition of the inner product the
matrix P is Hermitian

(Pm|hn)* = (Pnlpm) (183)

It is well known that the set {z"} is complete in the sense of the L, norm over
a finite real interval. It turns out that this result can be generalized to the set
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{z"} in the case of complex functions defined over a convex simply connected
region Q [2]. The importance of this result is that it is theoretically possible
to approximate to any degree of accuracy an analytic function by a polynomial
(in the sense of the least square norm). In other words, ¢(N) can be made
arbitrarily small by increasing the maximum order N.

The elements of the matrix P are easily calculated

(Pm(2){P(2)) /n (™) 2" dzdy (184)

- /n (= — i)™ (2 + iy)" dzdy (185)

In the particular case where f is a real function and (2 is a finite interval on the
real axis one gets, with p,(z) = z"

Lo/2
(Pmlpn) = / 2™ dg (186)
—L./2
= (e L2 (187)
(m+n+1)

This matrix, known as the Hilbert matrix, is notoriously ill-conditioned. This
difficulty can be eliminated by performing a Gram-Schmidt orthogonalization
of the polynomial base. The matrix P then becomes diagonal if the othogo-
nal polynomials are used as a the expansion basis. It turns out that for real
functions, the orthogonal polynomials are the Legendre polynomials. In the
complex case, the situation is a lot more complicated because the coefficients
of the orthogonal polynomials now depend on the shape of the region 2. It is
interesting to note that when the region Q is a unit disk the set {2"} is already
orthogonal. This is easily be demonstrated by writing 2" in polar form:

2 1
/ (™) 2 dzdy = / / prmn=me 4o iy (188)
0 0
T

g om (189)

Using Gram-Schmidt orthonormalization algorithm, one can construct a set of
orthogonal polynomials {II(z)} on a rectangle of width L and of height oL

O,(2) = 2" + an-1{e, L)2" ™ + ap_2(e, L)2" "2 + .. .ag(e, L) (190)

Since the orthogonalization process ultimately involves only integration of poly-
nomials of the form z"y™ over a rectangular region, the coefficients a,(a, L)
can be expressed analytically and tabulated. One then has

N
£(2) =) ealln(2) (191)

n=0
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Taking the inner product on each side,

1
e m(ﬂn(z)‘f(z)) (192)

This solves the problem of the best approximation in the least square norm.

5 Comments and Conclusion

To the extent that tracking codes expect a polynomial representation of the
field as an input, the Ly approximation of the field over the whole rectangular
aperture seems to be the most appropriate representation to solve the problems
caused by the divergence of the standard multipole expansion. This may indeed
be the case; however, two important points must be kept in mind

o The theory guarantees that the error can be made as small as one wishes.
However, this may require the use of very high order polynomials. This
fact sets a lower bound on the error since high order polynomials will
quickly create overflow problems in a computer.

¢ The L, approximation will oscillate slightly around the exact field. This
may be the source of non physical instabilities.

One of the statements made by L. Michelotti in his paper concerning the
reconstruction of the field in a rectangle aperture from the multipole data is
erroneous. The functions z” do indeed form a complete basis over a rectangle [2].
It is well known that any simply connected convex domain can be conformally
mapped onto the unit disk. Since the set {2z"} constitutes an orthogonal basis
on the unit disk, the functions defined by applying the mapping to {2"} will be
mapped into an orthogonal basis on the rectangle. The mapped basis functions
obtained in this manner are obviously not polynomials. This orthogonal basis
is, however, not unique.

The results presented in this note are theoretical. The usefulness of the
expansions will have to be investigated by performing numerical experiments.
The result of these experiments will be communicated in a upcoming note.
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